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Today’s Lecture:

Chapter 6: Entropy Rules!



5.5 Structures as free energy minimizers

                          

=
!

N
Np

"
W (Np; N ) =

N !
Np!(N ! Np)!

S = kB ln W

G = E ! T áS

1. The # of arranging the 2 things of 
interests depends on relative abundances.

2.  entropy is MAX when half the sites are 
occupied ).

S = ! kB áN á[cln c + (1 ! c) ln(1 ! c)]

                                             
   c = Np/N



Thermal and Chemical equilibriums are obtained by Maximizing the Entropy

E V

N

                                                                                              

Stot = S1(E1, V1, N1) + S2(E2, V2, N2)

E
tot

= E
1

+ E
2

V
tot
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+ V
2

N
tot

= N
1

+ N
2



!

E
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dE2 = ! dE1

dS
dE

=
1
T

dS =
!

! S1

! E1

"
ádE1 +

!
! S2

! E2

"
ádE2 = 0

Stot = S1(E1, V1, N1) + S2(E2, V2, N2)

!
! S1

! E1
!

! S2

! E2

"
ádE1 = 0 T1 = T2

maximizing S we conclude:  (same temperature @ equilibrium)

E



dV2 = ! dV1

p/T =
!

! S
! V

"

E,N

!

V
tot

= V
1

+ V
2

!
! S1

! V1
!

! S2

! V2

"
ádV1 = 0

dS =
!

! S1

! V1

"
ádV1 +

!
! S2

! V2

"
ádV2 = 0

p1 = p2

maximizing S we conclude:  (same pressure @ equilibrium)

V

Stot = S1(E1, V1, N1) + S2(E2, V2, N2)



dN2 = �dN1

N
tot

= N
1

+ N
2

Stot = S1(E1, V1, N1) + S2(E2, V2, N2)

!
! S1

! N1
!

! S2

! N2

"
ádN1 = 0

dS =
!

! S1

! N1

"
ádN1 +

!
! S2

! N2

"
ádN2 = 0

µ/T =
!

! S

! N

"

E,V

µ1 = µ2

maximizing S we conclude:  (same chemical pot. @ equilibrium)

N

!



dStot = dSs +
dEr

T
+

p
T

ádVr ! 0

dStot = dSs !
dEs

T
!

p
T

ádVs " 0

Multiplying by -T we get Gibbs.

dEr = �dEs

dVr = ! dVs

by isolation of total system.

By  minimizing the systemÕs Gibbs free-energy (energy v.s. entropy) we maximize the total entropy 

dG = d(Es + p áVs ! T áSs) " 0

dStot = dSr + dSs ! 0 entropy change

                                                                      

Free energy minimization as alternative to Entropy maximization

dEr = T dSr ! pdVr

reservoir energy = entropy - work by reservoir on system



Chapter 6: Stat. Mech. Bio.App.

Ei

                

P (Ei) =
1
Z

· e�Ei/kBT

hEi



! E

2-State system (ion channel)



Lattice Receptor Binding

                

⌦!
(⌦� L)!

⇡ ⌦L



c = ( L/V box )

c0 = ( ! /V box )

p
bound

=
(c/c

0

) áe! ! ! "

1 + ( c/c
0

) áe! ! ! "
binding equation.

(L !/ ! L) · e! ! L" s

                                                                                                                                

    

    

pbound =
e! !" b á ! L ! 1

(L ! 1)! áe! ! (L ! 1) " s

! L

L ! áe! ! L " s + e! !" b á ! L ! 1

(L ! 1)! áe! ! (L ! 1) " s

pbound =
(L/! ) áe! ! ! "

1 + ( L/! ) áe! ! ! " ! ! = ! b ! ! s

á
(L !/ ! L ) áe! ! L " s

(L !/ ! L ) áe! ! L " s



                                                      
entropic v.s. energetic

�✏ ! T ákB ln(c/c0)
! "# $

S
p
bound

=
(c/c

0

) áe! ! ! "

1 + ( c/c
0

) áe! ! ! "

! ! = ! b ! ! s



  

Stat. Mech. of gene expression

promoter occupancy

  



most polymerase molecules are bound to DNA.

ZNS(P,NNS) =
!

NNS

P

"

# $% &
multiplicity

á e! ! P " NS

# $% &
Boltzmann factor

      

  



                  



      

Z (P, NNS) = ZNS(P, NNS)| {z }
no RNAP on promoter

+ ZNS(P � 1, NNS) · e�!" S

| {z }
one RNAP on promoter

ZNS(P,NNS) =
!

NNS

P

"

# $% &
multiplicity

á e! ! P " NS

# $% &
Boltzmann factor

p
bound

=
Z

NS

(P ! 1, N
NS

) · e�!" S

Z(P,N
NS

)



pbound =

�NNS
P ! 1

�
áe! ! (P ! 1) "NS áe! !" S

�NNS
P

�
áe! ! P "NS +

�NNS
P ! 1

�
áe! ! (P ! 1) "NS áe! !" S

p
bound

=
Z

NS

(P ! 1, N
NS

) · e�!" S

Z(P,N
NS

)

NNS >> P

! ! = ! S ! ! NS

p
bound

=
(P/N

NS

) áe! ! ! "

1 + ( P/N
NS

) áe! ! ! "

NNS !/(NNS � P )! ⇡ (NNS)P

[P!/ (NNS)P ] áe! P " NS*
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s )
p(E 2
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=

Wr (E
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=
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=
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e! E 2
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áe! E i
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Etot = Er + Es
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dS
dE

=
1
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! S
! E
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Boltzmann:



G(X ) = ! kB T ln Z

ambiguous micro/macro:

pi =
1
Z

· e! ! E i

p(X ) =
!

i X

pi =
!

i X

1
Z

e! ! E i

p(X ) =
1
Z

e! ! G(X )

      

      

      

Z =
!

i

e! ! E i



NH2 O NS

       

on being ideal

              

                     

Ideal solution:   water + solute in a lattice

independent

+



From the free-energy of the solution we can get the solute chemical potential

µS =
!

! Gtot

! NS

"

T,p

       

G
tot

= NH2O áµ0

H2O! "# $
water free energy

+ NS á! S! "# $
solute energy

! T áS
mix! "# $

mixing entropy

S = kB ln W

W (NH 2 O , NS) =
(NH 2 O + NS)!

NH 2 O !NS!



W (NH 2 O , NS) =
(NH 2 O + NS)!

NH 2 O !NS!

Smix = ! kB á

NH 2 O ln

NH 2 O

NH 2 O + NS
+ NS ln

NS

NH 2 O + NS

�

S = kB ln W

Smix = ! kB á
!
NH 2O ln

"
1 !

NS

NH 2O

#
+ NS ln

NS

NH 2O

$
NH 2 O >> NS

ln(1 + ✏) ! ✏

Smix = ! kB á
!
NS ln

NS

NH 2 O
! NS

"

Stirling a bit:



G
tot

= NH 2O áµ0

H 2O + NS á✏S + kB T á
✓

NS ln
NS

NH 2O
! NS

◆

G
tot

= NH2O áµ0

H2O! "# $
water free energy

+ NS á! S! "# $
solute energy

! T áS
mix! "# $

mixing entropy

Smix = ! kB á
!
NS ln

NS

NH 2 O
! NS

"

µS =
!

! Gtot

! NS

"

T,p

c = Ns/V box

c0 = NH2O/V box

µS = ! S + kB T ln
c
c0

µi = µ0
i + kBT ln

ci

c0
i

chemical potential:  a simple log of concentrations



Osmotic pressure (entropic spring)

(µ1 ! µ2) ádN1 " 0

       

1

2

µ1 > µ 2 ! dN1 " 0if:

G
tot

= NH 2O áµ0

H 2O + NS á✏S + kB T á
✓

NS ln
NS

NH 2O
! NS

◆

µH 2 O =
! Gtot

! NH 2 O

µH2O(T, p) = µ0
H2O(T, p)� NS

NH2O
· kBT



       

1

2µ0
H 2 O (T, p2) ! µ0

H 2 O (T, p1) +
!

! µ0
H 2 O
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"
á(p2 " p1)

µ0
H 2 O (T, p1) = µ0

H 2 O (T, p1) + ! á(p2 ! p1) !
NS

NH 2 O
ákB T

NS

NH 2 O
ákB T = ! á(p2 ! p1)

µH 2 O (T, p1)
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1

= µ0
H 2 O (T, p2) !

NS

NH 2 O
ákB T

! "# $
2

@ equilibrium

µ0
H 2 O (T, p2)expanding

! µ
! p

= "

volume per molecule

NS

V
ákB T = ( p2 ! p1)

vanÕt Hoff



Osmotic ßow

Reverse Osmosis

absorbs heat

thermal E into work by using-up order

releases heat

mechanical E into thermal E and 
creating order

T áS >> mgh

T áS << mgh

peq = c ákB áT
NS

V
ákB T = ( p2 ! p1)

vanÕt Hoff



How important is osmotic pressure for cells?



How important is osmotic pressure for cells?



equilibrium constants are of course determined by entropy maximization

A + B ! AB (NA , NB , NAB ) (�NA ,�NB ,�NAB )

@ equilibrium

dG =
!

! G
! NA

"

T,p
· dNA +

!
! G

! NB

"

T,p
· dNB +

!
! G

! NAB

"

T,p
· dNAB = 0

(dG = 0) ! (µA ádNA + µB ádNB + µAB ádNAB = 0)

! A = ! B = ! 1

! AB = +1
introducing stoichiometric coefÞcientsdNi = ! i ádN

[dG = 0] !
!

i

µi ádNi = 0

!

i

µi ! i = 0@ equilibrium



µi = µ0
i + kBT ln
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µi ! i = 0

NX

i

⌫iµ
0
i = �kBT

NX

i

ln
✓

ci

c0
i

◆⌫i

!
1

kB T

N!

i

! i µ0
i = ln

"
N#

i

$
ci

c0
i

%! i
&

NY

i

✓
ci

c0
i

◆⌫i

= e�(1/k BT )
PN

i ⌫iµ0
i

NY

i

c⌫i
i =

 
NY

i

(c0
i )

⌫i

!
e�(1/kBT )

PN
i ⌫iµ

0
i

| {z }
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@ equilibrium



Keq =
NY

i

c⌫i
i = c�1

A · c�1
B · c1

AB =
cAB

cAcB
A + B ! AB

Keq =
NY

i

c⌫i
i

Keq = 1/Kd Kd =
[L][R]
[LR]

[LR] =
[L][R]
Kd

p
bound

=
[LR]

[R] + [LR]

p
bound

=
[L]/Kd

1 + [L]/Kd

L + R ↵ LR

Receptor-Ligand revisited



L + R ↵ LR

   

p
bound

=
[L]/Kd

1 + [L]/Kd

p
bound

=
(c/c

0

) áe! ! ! "

1 + ( c/c
0

) áe! ! ! "
K d =

1
!

e! ! "

Kd =
[L][R]
[LR]

50µM1 : 1@







p
bound

=
(c/c

0

) áe! ! ! "

1 + ( c/c
0

) áe! ! ! "

         

   

Myoglobin + O2 HIV gp120 + sCD4 NtrC + DNA

PNAS 1991 PNAS 1992Arch.Bioche.Biophys. 1958



Receptor-Ligand re-revisited:  (beyond simple binding)  (Hill function)

L + L + R ! L2R cooperativity

K2
d =

[L]2[R]
[L2R]

p
bound

=
[L

2

R]
[R] + [L

2

R]

pbound =
([L]/Kd)n

1 + ([L] /Kd)n

pbound =
([L] /K d)2

1 + ([L] /K d)2



ATP hydrolysis dG =
!

i

µidNi =
!

i

µi⌫idN

�G =
!

i

"
µ0

i + kB T ln
#

ci

c0
i

$%
á⌫i

�G = �Gref + kBT ln

 QN
i c! i

iQN
i (cref

i )! i

!

�Gref = 0
NY

i

(ceq
i )⌫i = Keq

! G = kBT ln

 QN
i c⌫i

i

Keq

!

�GrefUsing above twice: once for above and also for a reference state

dN = 1considering the energy released per reaction

Taking the reference state as the equilibrium.

ATP ⌦ ADP + P



ATP ⌦ ADP + P ! G = kBT ln

 QN
i c⌫i

i

Keq

!

! G0 = ! kB T ln K eqwe use to rewrite the above as:

! G = ! G0! "#$
standard state

+ kB T ln
[ADP][P]

[ATP]
! "# $

concentration dependence

measuring all concentrations relative  to the 1M  standard state  in E. coli

! G0 ! " 12.5kB T

[ATP] = 8 ! 10! 3 [ADP] = 8 ! 10! 3 [Pi ] = 0 .4 ! 10! 3

! G = ! 20kB T


